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Key  W o r d s  a n d  P h r a s e s :  f a i l u r e  r a t e  f u n c t i o n ;  B a t h t u b  h a z a r d  c u r v e ;  
f o r c e  o f  m o r t a l i t y ;  e a r l y  f a i l u r e s ;  r a n d o m  f a i l u r e s ;  w e a r o u t  
f a i l u r e s .  
ABSTRACT 
A  s imple  p a r a m e t r i c  model i s  proposed t o  r e p r e s e n t  d a t a  o f  
non-s tandard d i s t r i b u t i o n a l  form. An example i s  t h e  "ba th tub"  
haza rd  o f  r e l i a b i l i t y .  The a p p l i c a t i o n  o f  t h e  approach  t o  simu- 
l a t i o n  and t o  d a t a  a n a l y s i s  i s  d i s c u s s e d , a n d  w i l l  b e  f u r t h e r  ex- 
p l o r e d  i n  l a t e r  r e p o r t s .  
I. INTRODUCTION 
The f a i l u r e  r a t e  f u n c t i o n ,  o r  h a z a r d  f u n c t i o n  ( h a z a r d  f o r  
s h o r t )  nay be  d e s c r i b e d  a s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  an 
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equ ipmen t ' s  f a i l i n g  a t  o p e r a t i n g  age  t ,  h a v i n g  s u r v i v e d  t o  t h a t  
a g e .  The r e l i a b i l i t i e s  of  a  v a r i e t y  of  e l e c t r o n i c  and mechan ica l  
i t e m s  a r e  c o n v e n i e n t l y  and n a t u r a l l y  d e s c r i b e d  i n  t e rms  of  t h e  
a p p r o p r i a t e  h a z a r d  f u n c t i o n ,  and s o  i s  t h e  l o n g e v i t y  o f  human b e i n g s .  
The t e r m  f o r c e  of  m o r t a l i t y  r e p l a c e s  h a z a r d  i n  t h e  l a t t e r  c o n t e x t .  
T h i s  pape r  i s  devo ted  t o  a  s t u d y  of  s e v e r a l  s i m p l e  a n a l y t i c a l  
r e p r e s e n t a t i o n s  f o r  h a z a r d  f u n c t i o n s .  These  r e p r e s e n t a t i o n s  a r e  i n  
t u r n  based upon r e p r e s e n t a t i o n s  of  random v a r i a b l e s  h a v i n g  c e r t a i n  
r e q u i r e d  p r o p e r t i e s ,  i n  t e rms  o f  o t h e r s  h a v i n g  f a m i l i a r  d i s t r i b u -  
t i o n s - - i n  p a r t i c u l a r  t h e  e x p o n e n t i a l .  S i m i l a r  i d e a s  a r e  due t o  
Tukey (1976) and r e c e n t l y  have  been examined by Pa rzen  (1978) .  The 
h a z a r d  r e p r e s e n t a t i o n s  proposed a r e  q u i t e  e x p e d i t i o u s l y  used i n  s i m -  
u l a t i o n  s t u d i e s ,  e . g .  o f  sys t em r e l i a b i l i t y  o r  a v a i l a b i l i t y  i n  t e rms  
of component l i f e t i m e s .  They may a l s o  b e  used i n  d a t a  a n a l y s i s  
s t u d i e s ,  i n  o r d e r  t o  parsimoniously d e s c r i b e  d a t a  s e t s  i n  t e r m s  of  
p e r t u r b a t i o n s  o f  c o n v e n i e n t  and f a m i l i a r  s t a n d a r d  d i s t r i b u t i o n s .  
T h e i r  u s e  i n  d a t a  a n a l y s i s  and s i m u l a t i o n  is d e s c r i b e d  i n  Gaver ,  
Lavenberg,  and P r i c e  (1976) ,  and i n  Gaver and  Chu (1977) .  
;I. SYSTEM FAILURE PATTERNS 
It  i s  p l a u s i b l e  t o  t h i n k  t h a t  t h e  t i m e  s e r i e s  of  f a i l u r e s  i n  a 
sys t em may i n v o l v e  t h e s e  s t a g e s .  
1. E a r l y  F a i l u r e s .  The re  may be  a  r e l a t i v e l y  l a r g e  number o f  
f a i l u r e s  soon a f t e r  a  sys t em i s  i n t r o d u c e d  b e c a u s e  of  d e s i g n  
d e f e c t s ,  p r o d u c t i o n  e r r o r s ,  o r  e r r o r s  stemming f rom main tenance  
p e r s o n n e l  i n e x p e r i e n c e .  T h i s  s i t u a t i o n  i s  c h a r a c t e r i z e d  by a  
h a z a r d  f u n c t i o n  t h a t  i s  i n i t i a l l y  l a r g e ,  bu t  t h a t  d e c r e a s e s  w i t h  
t ime.  " I n f a n t  m o r t a l i t y "  i s  i n  e v i d e n c e .  
2 .  Random F a i l u r e s .  Fo l lowing  t h e  e a r l y  f a i l u r e  p e r i o d  t h e r e  may 
b e  a  p e r i o d  d u r i n g  which f a i l u r e s  o c c u r  a t  a n  e s s e n t i a l l y  con- 
s t a n t  r a t e  f o r  a  r a t h e r  p ro longed  t i m e .  Dur ing  t h i s  p e r i o d  t h e  
h a z a r d  f u n c t i o n  i s  n e a r l y  c o n s t a n t ,  s o  t h e  times between f a i l -  
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u r e s  a r e  c l o s e  t o  b e i n g  e x p o n e n t i a l l y  d i s t r i b u t e d .  The e f f e c t  
of  age o r  wearout  i s  n o t  y e t  a p p a r e n t .  
3. Wearout F a i l u r e s .  E v e n t u a l l y  f o l l o w i n g  t h e  p e r i o d  d u r i n g  which 
a  c o n s t a n t  haza rd  is  e v i d e n t  t h e r e  is  l i k e l y  t o  b e  a  p e r i o d  o f  
e v e r - i n c r e a s i n g  f a i l u r e  r a t e  caused by wearout  of  system com- 
ponent s. 
A g r a p h i c a l  r e p r e s e n t a t i o n  of  a hazard  f u n c t i o n  t h a t  e x h i b i t s  
t h e  b e h a v i o r  d e s c r i b e d  is  g iven  below. Note t h a t  i t  h a s  t h e  legend-  
a r y  "bath tub" shape .  
TIME t '  
BATHTUB HAZARD CURVE 
F i g u r e  1 
Some comments on t h e  above now f o l l o w .  
A .  The t e rm " f a i l u r e "  may r e f e r  t o  an even t  t h a t  i s  ana logous  t o  
human d e a t h ,  a f t e r  which t h e  e n t i r e  system i s  r e p l a c e d .  On t h e  
o t h e r  hand,  r e p a i r  o r  component r ep lacement  may o c c u r  a f t e r  
f a i l u r e ;  t h e  sys tem i s  on ly  r e p a i r e d ,  n o t  e n t i r e l y  r e p l a c e d .  
In  t h e  former  c a s e ,  a  haza rd  f u n c t i o n  of t h e  k ind  d e p i c t e d  i n  
F i g u r e  1 a p p l i e s  t o  each  sys tem even t  ( "dea th" ) ;  when t h e  
sys tem i s  i n s t a l l e d  ( o r  is  born)  t h a t  haza rd  o p e r a t e s  s t a r t i n g  
from s c r a t c h  a t  t = 0 u n t i l  sys tem f a i l u r e  (human d e a t h ,  f o r  
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i n s t a n c e )  a f t e r  which a  s i m i l a r  h a z a r d  goes  i n t o  e f f e c t ,  s t a r t -  
i n g  once  a g a i n  from z e r o .  I n  t h e  l a t t e r  c a s e ,  i n  which r e p a i r  
of  a  component o c c u r s ,  a  h a z a r d  f u n c t i o n  l i k e  t h a t  o f  F i g u r e  1 
a p p l i e s  a t  t = 0 ,  b u t  a f t e r  t h e  f i r s t  e v e n t  ( " f a i l u r e " )  a t  t 1' 
a  r e p a i r  a c t i o n  i s  accompl i shed .  The same h a z a r d  o p e r a t e s  f o r  
t 2 t l  u n t i l  t h e  n e x t  e v e n t  a t  t2  > t l ,  and s o  on.  I n t e r -  
med ia t e  s i t u a t i o n s  may be e n v i s i o n e d ,  i n  which a f t e r  e v e n t  n  
a t  tn t h e  h a z a r d  gove rn ing  s y s t e m  f a i l u r e  n + l  s t a r t s  a t  
t - T  O < T n < t n .  n  n '  
B .  Al though t h e r e  i s  reason  t o  assume t h a t  h a z a r d s  somewhat l i k e  
t h a t  o f  F i g u r e  1 o c c u r  i n  g e n e r a l  f o r  s y s t e m s ,  t h e  p o s s i b i l i t y  
e x i s t s  t h a t  t h e  sys t em h a z a r d  i s  "bumpy1' because  wearout  f a i l -  
u r e s  of components o r  subsys t ems  may w e l l  o c c u r  a t  i n t e r m e d i a t e  
t i m e s .  
C .  I f  t h e  t h e o r y  i s  a p p l i e d  t o  sys t ems  w i t h  l i t t l e  o r  n o  wearout  
p r o p e n s i t y ,  a s  s h o u l d  b e  t h e  c a s e  when d e a l i n g  w i t h  computer 
s o f t w e a r  modules,  t h e n  t h e  h a z a r d  f u n c t i o n  may w e l l  e x h i b i t  t h e  
i n i t i a l  f a l l o f f  o f  F i g u r e  1 b u t  n o t  t h e  r i s e  a t  l a t e r  t i m e s .  In  
f a c t ,  a c o n s t a n t  d e c l i n e  a s  bugs  a r e  found and removed cou ld  b e  
( o p t i m i s t i c a l l y )  a n t i c i p a t e d  f o r  s o f t w a r e .  The r i g h t - h a n d  s i d e  
o f  t h e  b a t h  t u b  v a n i s h e s ,  and t h e  p i c t u r e  i s  t h a t  o f  a  s k i  s l o p e .  
111. MODELS FOR THE HAZARD FUNCTION - - 
I n  t h i s  s e c t i o n  ma themat i ca l  models  a r e  p r e s e n t e d  f o r  t h e  
f a i l u r e  r a t e  o r  h a z a r d  f u n c t i o n .  R e c a l l  t h a t  t h e  h a z a r d  may b e  
d e f i n e d  a s  f o l l o w s .  
D e f i n i t i o n .  Suppose t h a t  t h e  t ime  t o  f a i l u r e ,  X, i s  a  random v a r i -  
a b l e  w i t h  d i s t r i b u t i o n  f u n c t i o n  F ( x ) ,  where F (0 )  = 0 ;  t h e  l a t t e r  
p o s s e s s e s  t h e  d e n s i t y  f u n c t i o n  f ( x ) ,  f ( x )  = dF/dx,  such t h a t  f o r  
any  p o s i t i v e  x,  
ANALYTICAL HAZARD REPRESENTATIONS 9 5 
Then t h e  h a z a r d  f u n c t i o n ,  o r  f a i l u r e  r a t e  a t  a g e  x ,  i s  g i v e n  by 
The i n t e r p r e t a t i o n  o f  h ( x ) d x  i s  t h a t  i t  i s  t h e  c o n d i t i o n a l  
p r o b a b i l i t y  o f  f a i l u r e  i n  t h e  i n t e r v a l  ( x ,  x + d x ) ,  g i v e n  t h a t  t h e r e  
h a s  been no f a i l u r e  up t o  age  x.  
E x p r e s s  t h e  h a z a r d  a s  
i t  t h e n  f o l l o w s  a f t e r  i n t e g r a t i o n  t h a t  
Thus i f  t h e  h a z a r d  i s  s p e c i f i e d ,  s o  i s  t h e  d i s t r i b u t i o n  f u n c t i o n ,  
and c o n v e r s e l y .  
Note t h a t  i f  
h ( x )  = h > 0  , o ( x ,  
t hen  
-Ax F(x)  = 1 - e  , o < x ,  ( 3 . 4 )  
s o  a  c o n s t a n t  h a z a r d  f u n c t i o n  i m p l i e s  t h e  e x p o n e n t i a l  d i s t r i b u t i o n  
of t h e  random v a r i a b l e  X,  and c o n v e r s e l y .  
Obv ious ly  a  c o n s t a n t  h a z a r d  r e p r e s e n t a t i o n  does  n o t  d e s c r i b e  
t h e  b a t h  t u b  h a z a r d  shape  o f  F i g u r e  1, n o r  d o e s  i t  r e p r e s e n t  a  
s i t u a t i o n  i n  which h a z a r d s  d e c l i n e ,  p o s s i b l y  b e c a u s e  d e s i g n  d e f e c t s  
o r  "bugs" a r e  o c c a s i o n a l l y  removed. Here  a r e  two h a z a r d  r e p r e s e n -  
t a t i o n s  l i k e l y  t o  be  u s e f u l  f o r  such  p u r p o s e s .  
GAVER AND ACAR 
(1)  A Bath Tub Model 
Define t h e  random v a r i a b l e  Z i n  terms of X,  X be ing  expo- 
- 1 n e n t i a l l y  d i s t r i b u t e d  w i t h  mean X , a s  fol.lows: 
where 
a) L(x) i s  concave i n  x ,  L(0) < 1, L(M) = 1, 
b) ~ ( x )  i s  convex i n  x ,  R(O)  = 1, R(O)  > R(m) 
Then t h e  hazard of Z may be made t o  e x h i b i t  a  b a t h  tub  shape,  a s  
i n  F igure  1, by proper  c h o i c e  o f  t h e  f u n c t i o n  L and R. 
Example. Let 
C l e a r l y  
i s  a  monotonical ly  i n c r e a s i n g  f u n c t i o n  of x. Furthermore,  choose 
-3 a l a r g e  (e .g .  a = 10)  and 6 s m a l l  ( e . g .  B = 1 0  ). Then i t  i s  
i n t u i t i v e l y  c l e a r  t h a t  ( i )  smal l  x-values  t rans form i n t o  even 
s m a l l e r  z-values ,  e . g .  x  = 1 cor responds  t o  z  = 0 .91  and x = 2 
cor responds  t o  z  = 1 .90 ,  but  ( i i )  t h i s  e f f e c t  dwindles  a s  x  in -  
c r e a s e s ,  s o  x = 10  cor responds  t o  z  = 9 . 8  and x = 50 t o  
z  = 47.5 and t h e  z-values  c l o s e l y  resemble t h e  x ' s  percentage-wise,  
bu t  ( i i i )  a s  x  i n c r e a s e s  s t i l l  f u r t h e r  t h e  z ' s  do n o t  f o l l o w  
s u i t :  x  = l o 3  cor responds  t o  z = 500. T h i s  s u g g e s t s  t h a t  i f  x  
is  a  v a l u e  assumed by X,  t h a t  Z s h a r e s  t h e  p r o p e r t i e s  o f  X i n  
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mid-range, i . e .  f o r  i n t e r m e d i a t e  x -va lues ,  b u t  d i f f e r s  from X by 
hav ing  a  d i s p r o p o r t i o n a t e  p r o b a b i l i t y  o f  assuming small v a l u e s  ( n e a r  
z e r o ) ,  o r  l a r g e  v a l u e s  ( n e a r ,  b u t  l e s s  t h a n ,  1 1 6 ) .  Thus t h e  h a z a r d  
o f  Z w i l l  a p p e a r  t o  be  a  " b a t h  tubbed" v e r s i o n  o f  X ,  p a r t i c u l a r l y  
i f  X i s  e x p o n e n t i a l .  
We f o c u s  a t t e n t i o n  on t h e  r e p r e s e n t a t i o n  ( 3 . 6 )  i n  which f o l l o w s ,  
ma in ly  f o r  a n a l y t i c a l  and c o m p u t a t i o n a l  convenience.  Of c o u r s e  
t h e r e  a r e  many o t h e r  p o s s i b i l i t i e s ,  such  a s  
t h e s e  l a t t e r  may b e  a d j u s t e d  t o  p r o v i d e  sharper-edged b a t h  t u b s  t h a n  
can (3 .6 ) .  However, i t e r a t i o n  o f  ( 3 . 6 )  may accompl i sh  t h e  same 
purpose ;  we do n o t  s t u d y  such  i t e r a t i o n s  i n  t h i s  paper .  
(2) A Decreas ing  F a i l u r e  R a t e  Model 
Def ine  t h e  random v a r i a b l e  W i n  t e rms  o f  X,  X a g a i n  b e i n g  
e x p o n e n t i a l  w i t h  pa ramete r  h - l :  
where T(x)  i s  a n  i n c r e a s i n g  f u n c t i o n  o f  x ,  L(0)  = 1. Then t h e  
h a z a r d  may b e  made t o  e x h i b i t  a  d e c r e a s i n g  b e h a v i o r .  
Example. Suppose 
T(x)  = 1 + cx ,  c > 0 ,  O ( x .  (3 .9)  
Then 
z  = x ( 1  + cx)  (3.10) 
i s  monotonic ,  and small x -va lues  l e a d  t o  comparable  z -va lues  ( e s -  
p e c i a l l y  when c  i s  s m a l l ) ,  b u t  l a r g e r  x-values  a r e  "ampl i f i ed"  by 
1 + cx'  t o  y i d d  i n c r e a s i n g l y  l a r g e  z-values .  
A t t e n t i o n  w i l l  b e  focused  upon ( 3 . 9 ) ,  a l t h o u g h  o t h e r  p o s s i -  
b i l i t i e s  e x i s t  t h a t  accomplish  t h e  same purpose ,  namely t h a t  o f  
l e n g t h e n i n g  t h e  r i g h t  t a i l  of t h e  d i s t r i b u t i o n  o f  X ( s i m u l a t i n g  
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o u t l i e r s ,  f o r  i n s t a n c e )  w h i l e  l e a v i n g  t h e  body of  t h e  d i s t r i b u t j o n  
v i r t u a l l y  unchanged. 
IV .  MATHEMATICAL PROPERTIES OF THE "BATH TUB" HAZARD MODEL 
Var ious  a n a l y t i c a l  p r o p e r t i e s  of t h e  p r e v i o u s l y  d e s c r i b e d  
models w i l l  now b e  r e c o r d e d .  These p r o v i d e  u s e f u l  i n s i g h t s  i n t o  
t h e  b e h a v i o r  of t h e  random v a r i a b l e s  Z and t h e  u n d e r l y i n g  (gene r -  
a t i n g )  v a r i a b l e s  X .  
A. M o n o t o n i c i t y ;  Q u a n t i l e s  
It i s  conven ien t  t o  f o c u s  on monotonic i n c r e a s i n g  t r ans fo rma-  
t i o n s ,  i . e .  i f  
z = ~ ( x )  = xg(x )  ( 4 . 1 )  
t h e n  i n  o r d e r  t h a t  t h e  above f u n c t i o n  b e  m o n o t o n i c a l l y  i n c r e a s i n g ,  
dz /dx  > 0 .  Observe  t h a t  l o g a r i t h m i c  d i f f e r e n t i a t i o n  o f  (4 .1 )  pro- 
and t h u s  d z / d x  > 0 if and o n l y  i f  
A l t e r n a t i v e l y ,  t h e  c o n d i t i o n  i s ,  i n  t e rms  o f  L(x) 
It i s  e a s i l y  seen  t h a t  t h e  i m p o r t a n t  example (3 .61,  
(4 .3 )  
and R(x ) ,  
y i e l d s  a  monotonic  r e l a t i o n s h i p  between z and x .  The f a c t  t h a t  
t h i s  p a r t i c u l a r  t r a n s f o r m a t i o n  can b e  e a s i l y  and e x p l i c i t l y  i n v e r t e d  
( s o l v e d  f o r  x  i n  t e rms  of  z )  w i l l  be  e x p l o i t e d  s u b s e q u e n t l y .  
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Of c o u r s e  i f  z ( x )  i s  m o n o t o n i c a l l y  i n c r e a s i n g  t h e n  s o  i s  
x ( z ) ,  t h e  i n v e r s e  f u n c t i o n .  The e v e n t s  (Z ( z )  and (X 5 x ( z ) )  
a r e  e q u i v a l e n t ,  and s o  
PIZ ( z l  = P I X  ( x ( z ) I ,  ( 4 . 5 )  
f rom which i t  f o l l o w s  t h a t  i f  x E x ( p )  i s  t h e  p.100% q u a n t i l e  
P  
o f  X,  i . e .  
PIX ( x ( p ) I  = p  , (4 .6 )  
t h e n  
P I Z  ( z ( p ) I  = P I Z  ( Z ( X ( ~ ) ) I  = p  (4 .7 )  
and s o  z ( p ) ,  t h e  p.100% q u a n t i l e  o f  Z i s  s i m p l y  o b t a i n e d  from 
I n  o t h e r  words we v e r y  e a s i l y  t r a n s l a t e  f rom ( p o i n t s  o n )  t h e  i n v e r s e  
d i s t r i b u t i o n  o f  X t o  t h e  i n v e r s e  d i s t r i b u t i o n  of  Z. E x p l i c i t  
r e p r e s e n t a t i o n  of t h e  d i s t r i b u t i o n  o f  Z i s  however,  n o t  o f t e n  
e a s i l y  p o s s i b l e .  
B. Hazard and D c n s i t y  F u n c t i o n  R e l a t i o n s h i p s  
I n  o r d e r  t o  i n v e s t i g a t e  t h e  r e l a t i o n s h i p  between t h e  h a z a r d s  
o f  Z and X,  b e g i n  by w r i t i n g  
Now d i f f e r e n t i a t e  w i t h  r e s p e c t  t o  p  t o  f i n d  
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h e r e  h  and f x  a r e  t h e  h a z a r d  and d e n s i t y  f u n c t i o n s  o f  t h e  
X 
r . v .  X. The r e l a t i o n s h i p  (4 .11)  h o l d s  f o r  e s s e n t i a l l y  any  con- 
t i n u o u s  d i s t r i b u t i o n ,  of  c o u r s e .  
D i f f e r e n t i a t i o n  o f  (3 .5 )  r e v e a l s  t h e  c o n n e c t i o n  between 
h Z  
and hx. From (4 .2 )  
t h e  z -haza rd ,  t h e r e  r e s u l t s  
I $ ( X ( P ) )  + x ( P )  $ '  ( x ( p ) )  I , 
M u l t i p l i c a t i o n  o f  b o t h  s i d e s  by 1-p t h e n  shows, i n  v iew of ( 4 . 1 1 ) ,  
t h a t  t h e  d e n s i t y  f u n c t i o n s  a r e  s i m i l a r l y  r e l a t e d :  
Example. 
X i s  exponen t i a l (X  ) .  Then 
h z ( z  ) = X p  $ ( X ( P ) )  + x ( p )  $ ' ( x ( p ) )  
Now u s e  t h e  s p e c i f i c  $ (x )  of  ( 3 . 6 ) :  
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o r ,  i n  t e r m s  of  l o g a r i t h m s ,  
Rn 41 (x)  = kn a x  = Rn(1 + a x )  - kn ( 1  + Bx) , 
and 
f i n a l l y  
Al though t h i s  e x p r e s s i o n  i s  n o t  q u i t e  e x p l i c i t ,  q u a l i t a t i v e  p r o p e r t i e s  
of  hZ can be  deduced f rom i t .  
1 (a)  If p  -+ 0, x ( p )  = - - kn(1-p) J. 0,  and hence  X 
S i n c e  f o r  p  + 0 ,  
2  
Z ( P )  - a x  ( p )  
and hence  
x ( p )  - [ z ( p ) / a I  112  
t h e r e  r e s u l t s  
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T h i s  shows t h a t  h Z ( z )  4 a s  z + 0 ,  c r e a t i n g  t h e  l e f t - h a n d  end o f  
t h e  b a t h  t u b  o f  F i g u r e  1. 
(b )  I f  p + 1, x(p )  4 -, and z ( p )  + 116 s o  
a6 2 l i m  ---- I h z ( z ( p ) )  = h 
P'" [ x ( p ) I  
For  p + i  
and t h u s  
Once a g a i n  i t  a p p e a r s  t h a t  t h e  h a z a r d  r i s e s  r a p i d l y ,  t h i s  t ime  a s  
~ ( p )  + and z ( p )  4 6 - I ;  t h e  o t h e r  end o f  t h e  b a t h  t u b  i s  t h u s  
f a s h i o n e d .  
-1 - 1 ( c )  I f  p  = 1 - e , t h e n  x (p )  = X and 
The b a t h  t u b  e f f e c t  i s  presumably ach ieved  by choos ing  a l a r g e  and  
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B s m a l l .  L e t  a + 0 and B + 0  i n d e p e n d e n t l y  i n  ( 4 . 2 7 ) ;  i t  i s  
c l e a r  t h a t  t h e  l i m i t i n g  v a l u e  o f  t h e  h a z a r d  i s  X .  T h i s  i n d i c a t e s  
t h a t  t h e  h a z a r d  i s  ( a p p r o x i m a t e l y )  X f o r  m i d d l i n g  v a l u e s  of  z .  
C. An E x p l i c i t  Formula f o r  a  Hazard 
The e x p r e s s i o n  (3 .6)  l e a d s  t o  t h e  r e l a t i o n s h i p  
and t h e  l a t t e r  may be  e x p l i c i t l y  i n v e r t e d  by s o l v i n g  a  q u a d r a t i c  
e q u a t i o n .  The r e s u l t  i s  
Now a  d i r e c t  d i f f e r e n t i a t i o n  o f  t h i s  e x p r e s s i o n  and i n v o c a t i o n  o f  
(4 .11)  p r o d u c e s  t h e  e x p r e s s i o n  
T h i s  form,  w h i l e  e x p l i c i t ,  p r o v i d e s  no p a r t i c u l a r l y  u s e f u l  i n s i g h t s ;  
t h e  b a t h  t u b  end  s h a p e s  a l r e a d y  n o t e d  i n  (4 .22 )  and (4 .26)  can b e  
deduced d i r e c t l y  f rom ( 4 . 3 0 ) .  
D. An E x p l i c i t  Formula f o r  t h e  F a i l u r e  Time D i s t r i b u t i o n  
Because x and  z  a r e  m o n o t o n i c a l l y  r e l a t e d  th rough  (4 .28)  
we have  
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Again t h e  e x p l i c i t  f o r m u l a  seems u n p r o d u c t i v e  o f  i n s i g h t s ,  a l t h o u g h  
i t  may be  u s e f u l  f o r  s t u d y i n g  t h e  e f f e c t  of  redundancy i n  s i m p l e  
c o n f i g u r a t i o n s  of u n i t s .  
V .  MATHEMATICAL PROPERTIES OF THE DECREASING FAILURE RATE MODEL -
A. The Hazard Behav io r  
The e x p r e s s i o n  ( 4 . 1 4 )  can  b e  a p p l i e d  t o  deduce t h e  h a z a r d  
f u n c t i o n  o f  t h e  r e p r e s e n t a t i o n  (3.8), a d v e r t i s e d  t o  p roduce  a  de- 
c r e a s i n g  f a i l u r e  r a t e .  The re  we s p e c i f i e d  
$ (XI  E T(x)  = 1 + c x  , (5 .1 )  
and t h u s ,  f rom ( 4 . 1 4 ) ,  
Q u a l i t a t i v e  p r o p e r t i e s  f o l l o w  e a s i l y .  
( a )  I f  p  + 0, x ( p )  + 0,  and 
hw(w(p) ) -  A 
Thus t h e  h a z a r d  i s  a p p r o x i m a t e l y  X f o r  s m a l l  z .  
(b)  I f  p  + 1, x ( p )  4 m, and 
which c l e a r l y  d e c r e a s e s ,  a s  c l a imed .  It may b e  i n f e r r e d  t h a t  t h e  
d i s t r i b u t i o n  o f  W a p p e a r s  n e a r l y  e x p o n e n t i a l ,  b u t  p o s s e s s e s  an  
e x t r a o r d i n a r i l y  l o n g  r i g h t  t a i l .  T h i s  s e t u p  may b e  used t o  model 
d a t a  t h a t  i s  b a s i c a l l y  e x p o n e n t i a l  b u t  t h a t  p o s s e s s e s  o u t l i e r s  
( p o s s i b l y  r e p r e s e n t i n g  e r r o r s ) .  
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B .  E x p l i c i t  Formulas  f o r  t h e  Hazard and t h e  D i s t r i b u t i o n  Func t ion  
D i r e c t  s o l u t i o n  o f  t h e  q u a d r a t i c  e q u a t i o n  
w = x ( l  + cx)  = x + c x  2 
p r e s e n t s  
which,  when d i f f e r e n t i a t e d ,  l e a d s  t o  
The d i s t r i b u t i o n  f u n c t i o n  is  
T h i s  d i s t r i b u t i o n  b e a r s  a  c l o s e  f a m i l y  r e semblance  t o  t h e  Weibu l l  
d i s t r i b u t i o n  1 - F(w) = exp{-k&}, e s p e c i a l l y  f o r  l a r g e  ( r i g h t  t a i l )  
v a l u e s  of  w. 
V I .  AN ALTERNATIVE "BATH TUB" HAZARD REPRESENTATION 
The s i m p l e  p a r a m e t r i c  model ( 3 . 6 )  l e a d i n g  t o  a  b a t h  tub-shaped 
h a z a r d  i s  by n o  means t h e  o n l y  p o s s i b i l i t y .  We n e x t  d e s c r i b e  
a n o t h e r  approach .  It  i s  t h a t  o f  d e f i n i n g  a  h a z a r d  f u n c t i o n  h a v i n g  
an  a p p r o p r i a t e  s h a p e ,  and t h e n  deduc ing  t h e  c o r r e s p o n d i n g  d i s t r i -  
b u t i o n  f u n c t i o n ,  and a  p r o c e d u r e  f o r  s ampl ing  f rom i t ,  r a t h e r  t h a n  
p roceed ing  i n  r e v e r s e  o r d e r ,  a s  b e f o r e .  
L e t  t h e  h a z a r d  b e  o f  t h e  form 
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where g ( z )  > 0  i s  a  d e c r e a s i n g  f u n c t i o n  o f  z  s u c h  t h a t  
l i m x + m  g ( z )  = 0 ,  and k ( x )  i s  an i n c r e a s i n g  f u n c t i o n  o f  x ,  such 
t h a t  ( p r e f e r a b l y )  k ( 0 )  = 0 and k(m) = -. Such a  f u n c t i o n  can 
y i e l d  a  b a t h  tubbed h a z a r d .  
Example. 
h ( z )  = - A + B z + X  z + a  
A ,  B,  a ,  X a l l  p o s i t i v e .  
C l e a r l y ,  (6 .2 )  h a s  a  g e n e r a l l y  " b a t h  t u b - l i k e "  appea rance ,  s i n c e  
f o r  i f  
t h e n  
w h i l e  f o r  
h ( z )  > 0 .  
D e t a i l e d  b e h a v i o r  is  a d j u s t a b l e  by c h o i c e  o f  t h e  p a r a m e t e r s .  
Now t h e  d i s t r i b u t i o n  f u n c t i o n  of  t ime  t o  f a i l u r e ,  2 ,  i s  o b t a i n e d  
from ( 6 . 2 ) :  
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A l l  o f  t h e  above a r e  r e c o g n i z e d  a s  b e i n g  t h e  complements o f  d i s t r i -  
b u t i o n  f u n c t i o n s .  I n  e f f e c t ,  t h e  d i s t r i b u t i o n  o f  Z is t h a t  o f  t h e  
minimum of t h r e e  independen t  random v a r i a b l e s :  
- 
Xi hav ing  t h e  d i s t r i b u t i o n  Fi = 1 - Fi ( i  = 1 , 2 , 3 ) .  T h i s  f a c t  
l e a d s  d i r e c t l y  t o  a n  e a s y  p r o c e d u r e  f o r  s i m u l a t i o n  o f  2 .  by s imply  
o b t a i n i n g  t h e  s m a l l e s t  from among t h e  r e a l i z a t i o n s  o f  X1, X 2 ,  and ' 
Xj.  The advan tage  o f  t h e  p r e v i o u s  method, based  on ( 3 . 6 )  f o r  i n -  
s t a n c e ,  i s  t h a t  o n l y  = r e a l i z a t i o n - - t h a t  o f  a n  e x p o n e n t i a l  i n  t h a t  
s p e c i f i c  example--leads t o  t h e  r e a l i z a t i o n  o f  2 .  T h i s  i s  n o t  o n l y  
c o m p u t a t i o n a l l y  a t t r a c t i v e ,  b u t  seems t o  f a c i l i t a t e  t h e  a p p l i c a t i o n  
o f  such  Monte C a r l o  v a r i a n c e  r e d u c t i o n  t e c h n i q u e s  a s  c o n t r o l  and 
a n t i t h e t i c  v a r i a b l e s ,  c f .  Hammersley and Handscomb (1964) .  
V I I .  OBTAINING SPECIFIED HAZARD BEHAVIOR BY SIMPLE SAMPLING 
The development o f  t h e  l a s t  s e c t i o n  i l l u s t r a t e s  one manner i n  
which h a z a r d  b e h a v i o r  may b e  c o n v e n i e n t l y  r e p r e s e n t e d  and s i m u l a t e d .  
We now i n d i c a t e  how such  b e h a v i o r  may a l t e r n a t i v e l y  be  o b t a i n e d  by 
s imple  s i m u l a t i o n ,  i . e .  from one  r e a l i z a t i o n  of a  b a s i c  ( p o s s i b l y  
e x p o n e n t i a l )  random v a r i a b l e .  
R e f e r  t o  ( 3 .5 ) ,  i n  which 
and,  i f  G(.) i s  m o n o t o n i c a l l y  i n c r e a s i n g ,  
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z ( p )  = G(x(p ) )  , (7 .2 )  
z ( p )  and x ( p )  b e i n g  t h e  p.100% p e r c e n t i l e s  of  Z and X r e spec -  
t i v e l y .  Then t h e  c o u n t e r p a r t  t o  (4 .14 )  t h a t  r e s u l t s  f rom d i f f e r -  
e n t i a t i o n  o f  (7 .2 )  is  t h e  e x p r e s s i o n  
Consequen t ly ,  i f  one  s p e c i f i e s  h  ( z )  a s  a  s u i t a b l e  f u n c t i o n  o f  
t h e  " t ime" z ,  and s p e c i f i e s  t h e  d i s t r i b u t i o n  o f  t h e  s t o c h a s t i c  
v a r i a b l e  X--and hence i t s  h a z a r d ,  h  - - t h e r e  r e s u l t s  a  d i f f e r e n t i a l  
X 
e q u a t i o n  f o r  z ( x )  : G(x) : 
i n t e g r a t i o n  t h e n  p r o v i d e s  t h e  d e s i r e d  t r a n s f o r m a t i o n ,  G.  I n  o t h e r  
words ,  we s e e k  z ( x )  s a t i s f y i n g  
which can sometimes b e  c a r r i e d  o u t  i n  a u s e f u l  c l o s e d  form. 
Example 7.1.  
Re fe r  t o  t h e  example o f  S e c t i o n  V I ,  where in  hZ is g i v e n  by  
t h e  e x p r e s s i o n  ( 6 . 2 )  and we assume t h a t  X i s  e x p o n e n t i a l ,  s o  
hx 
i s  c o n s t a n t .  Then i n  o r d e r  t o  d e t e r m i n e  ~ ( x )  Z z ( x ) ,  s o l v e  t h e  
e q u a t i o n  
Closed-form s o l u t i o n  o f  t h i s  e x p r e s s i o n  f o r  z  i n  t e rms  o f  x  i s  
of  c o u r s e  i m p o s s i b l e .  One p o s s i b l e  approach  is p u r e l y  n u m e r i c a l :  
f i n d  an  approx ima te  s o l u t i o n ,  z o ( x ) ,  e . g .  t h e  a p p r o p r i a t e  s o l u t i o n  
o f  t h e  q u a d r a t i c  
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and t h e n  c o r r e c t  t h e  r e s u l t  by  a  few 
I n  o t h e r  words ,  p u t  
X ( 7 . 7 )  
Newton-Raphson i t e r a t i o n s .  
now a p p l y  Newton t o  o b t a i n  a n  improved s o l u t i o n  
which w i l l  b e  f e a s i b l e  i f  0  < z2 .  The p r o c e s s  can b e  i t e r a t e d  
( t h e  numera to r  w i l l  change a f t e r  t h e  f i r s t  i t e r a t i o n ) .  I f  one w i s h e s  
t o  u s e  t h i s  model i t  may a c t u a l l y  be  d e s i r a b l e  t o  s t a r t  by s o l v i n g  
f o r  z l ,  i n  which c a s e  t h e  numera to r  w i l l  n o t  b e  shown i n  ( 7 . 9 ) :  
convergence  may be  more r a p i d .  
Example 7.2.  
Change t h e  h a z a r d  r e p r e s e n t a t i o n  o f  t h e  p r e v i o u s  example a s  
f o l l o w s :  l e t  
h  (v )  = A + B v +  A ;  ( A ,  a ,  B, A > 0)  (7 .11 )  
( v  + 0 )  
then 
Now t h e  s o l u t i o n  o f  t h e  e q u a t i o n  
can  b e  c a r r i e d  o u t  i n  c l o s e d  ( i f  cumbersome) form,  s i n c e  (7 .13)  i s  
a c u b i c .  Hence an  e x p l i c i t  r e p r e s e n t a t i o n  o f  z ( p )  i n  t e r m s  o f  an  
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e x p o n e n t i a l ' s  x ( p )  can be  p rov ided .  P e r h a p s  more i m p o r t a n t l y ,  a  
d i r e c t ,  s i m p l e ,  s i m u l a t i o n  of a  b a t h  tubbed  random v a r i a b l e  i s  a t  
hand.  
V I I I .  CONCLUSION 
The purpose  o f  t h i s  pape r  h a s  been t o  show t h a t  r a t h e r  complex 
d i s t r i b u t i o n a l  b e h a v i o r  can be  r e p r e s e n t e d  i n  t e rms  of  s i m p l e  s t a n -  
d a r d  d i s t r i b u t i o n s .  We have c o n c e n t r a t e d  h e r e  upon m o d i f i c a t i o n s  
of  t h e  e x p o n e n t i a l ,  b u t  i t  i s  obv ious  t h a t  o t h e r  d i s t r i b u t i o n s  can 
be t r e a t e d  s i m i l a r l y .  
I n  l a t e r  work we w i l l  i l l u s t r a t e  t h e  u s e  of  t h i s  t e c h n i q u e  i n  
d a t a  a n a l y s i s ,  and i n  t h e  s i m u l a t i o n  of  non-homogeneous s t o c h a s t i c  
p o i n t  p r o c e s s e s .  
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